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We construct (Theorem 2) an example of a nonseparable rearrangement 
invariant Banach function space X on (0, lr ) that satisfies the following “truncated” 
shift continuity condition (S): IIxx,,,,+,J -0 as n + ;c for each .xeX. On the 
other hand (Theorem 1) condition (S) implies almost separability, that is, that the 
restriction of an arbitrary space (satisfying (S)) to any subset of finite measure is 
separable. ‘0 1990 Academic Press. Inc 
In the terminology and notation pertaining to Banach spaces and lattices 
we follow [2, 61. The basic definitions and facts about rearrangement 
invariant (r.i.) spaces may be found in [4]. 
The real half line (0, a) with Lebesgue measure i. will be our principal 
measure space. For each r.i. X and for each measurable EC (0, x) of 
positive measure we put X, = {x E X: x = xxE}, where xE is, as usual, the 
characteristic function of E. 
Let us introduce some more terminology. We say that a r.i. Banach func- 
tion space X is almost separable (as.) if any subspace X, with E of finite 
measure is separable. Obviously if X is separable, then X is a.s. but the 
converse is not true. 
We will say that X satisfies (S) if I/xx(,,,~+ 1j11 -+ 0 as n + x for each 
x E x. 
This condition was introduced by R. Szwarc who posed the question’ of 
whether or not (S) implies separability of the space. The main result of this 
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’ The question was posed at Professor S. Doplicher’s seminar at Rome University while 
both R. Szwarc from Wroclaw University and the author were guests there. The author 
expresses his thanks to Professors L. Boccardo, S. Doplicher. and S. Marchiafava for their 
hospitality and to Dr. R. Szwarc for his stimulating interest. 
249 
0022-247X/90 83.00 
250 Y. A. ABRAMOVICH 
article (Theorem 2) presents an example of a nonseparable r.i. Banach 
function space that satisfies (S). 
Because (S) implies almost separability (Theorem l), the above men- 
tioned example also answers simultaneously a question of A. Bukhvalov 
about the existence of an as. but nonseparable r.i. Banach function space. 
We note, however, that this question is much simpler and actually the 
Gould space [3] provides a counterexample. 
THEOREM 1. The following implications are true: (Separability) * (S) * 
(almost separability). 
Proof We begin from the nontrivial implication (S)=> (a.s.). It is 
known that for a Banach function space on (0, co) separability is 
equivalent to order continuity of the norm, usually denoted by (A), 
which means that (x, JO) * (/IxJ + 0). Hence it is enough to verify 
condition (A). At this point we will make use of a theorem of Lozanovsky 
and Mekler [S] (see also [2, Theorem 14.41) stating that for a Dedekind 
complete Banach lattice 2 condition (A) is equivalent to the absence of a 
sublattice order isomorphic to I,. We will prove that (A) is fulfilled in the 
subspace XC,, i) (and hence obviously in any X, with ;IE < CD). If not XC,,,, 
contains a sublattice Y order isomorphic to I,. Let us identify I, and Y, 
let e, denote the standard unit vectors in I,, and let II = (1, 1, 1, . ..). We 
note that l/en/l > y > 0 for each n and that supp 1, the support set of 
function 21, belongs to (0, 1). Since X is rearrangement invariant we can find 
X,X,EX+, such that x (resp. x,) is equimeasurable with P (resp. e,) and 
supp x, c (n, n + 1). Thus, by (S), Ilx~~~,~+,)(l +O. On the other hand, 
llxx (n,n+ 1)ll 2 llxnll 2 Yt a contradiction. Thus we have proved that XCO,i, 
satisfies (A). 
(Separability) =z. (S). This implication is trivial since, as we noticed 
above, separability is equivalent to order continuity of the norm and the 
latter obviously implies (S). 
THEOREM 2. Both implications in Theorem 1 are strict, i.e., none of them 
can be reversed without some additional assumptions. This means, in 
particular, that there exists a nonseparable space satisfying (S). 
ProoJ (a) The Gould space [3] provides an example of an almost 
separable space without (S). To make this paper self-contained we recall 
the definition of this space denoted by G. Let G consist of all (equivalence 
classes of) measurable functions x on (0, co) for which 
llxllo = sup jE Ix(t)/ dA(t): A(E) d 1} < co. 
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It is trivial to see that G does not satisfy (S) but G is a.s. (Actually 
GI (o.l,=~l(o~ 11.) 
(b) Here we will present our main result, namely a construction of a 
nonseparable r.i. Banach function space that, nevertheless, satisfies (9. 
This construction is based on a rather delicate “play” with the spaces of 
Gould type. 
Let {M~}~ and (~2~)~ be two sequences, strictly increasing to infinity, of 
nonnegative numbers and let 
We will assume that {mk} and (ak) are chosen in such a way that 
(i) a, =O, (ii) ck + I ick < II29 and (iii) mk/mkAl<1,‘2 
for each k E FV. (Obviously such sequences exist.) For each k E N we define 
a r.i. norm qk( .) on L,(O, co) + L,(O, cc) by 
Next we introduce the functions 
Then e,* = (l/m,,) x(~.~,+,-~,,) and thus 
For n < k we have 
qkteH) = ck(aH + 1 - a,)/m,, = ck/cn < 2” ‘. 
(We remark that conditions (ii) and (iii) imply that the sequence 
t a k+l - ak } k is increasing.) 
For n = k we obviously get 
and for n>k 
qk(eh) = 1, 
qkten) = Ck(ak + I - a,)/m, = mklm,, c 2k “. 
And, finally, we introduce the space 
x= jXEL,(O, oc)+.L,(O, co): //XII =supq,(?c)< x ). 
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Obviously (A’, /I. 11) is a normed space with norm II.II. We will verify that 
this space is a required, i.e., 
(i) A’ is a r.i. Banach function space, 
(ii) X is nonseparable, 
(iii) X satisfies (S). 
Verification of (i) is straightforward and we omit it. We note only that 
it can be simplified if we make use of a norm completeness criterion [l, 
Theorem 6’1 of the Riesz-Fischer type with pairwise disjoint elements. 
Let us verify (ii). First we notice that e, EX and lIenIl = 1 for each n. 
To prove (ii) we will show that X contains a subspace isomorphic to I,. 
To this end it is enough to show that the functions {e,}~=i generate a 
subspace isomorphic to c0 and that the function e = sup e, belongs to X. 
The latter assertion will follow if we show that q,(e) < 3 for each k E N. 
We have 
qk(e) G IX 4deJ = C qk(e,) + qk(ek) + 1 qde,) < 3 
and thus e E X. This immediately implies that for any scalars a,, u2, . . . . a, 
we get 
Since the converse inequality 
I m 
II II c 
anen 2rn1x Ia,/ 
II=1 tl=l 
is obvious, we can conclude that the functions {e,} indeed generate a 
subspace of X isomorphic to cO. 
It remains to prove that X satisfies condition (S). Let us fix an arbitrary 
XEX+, llxll < 1. We start by showing that for each ke N (and hence 
uniformly for each finite number of k’s) 
qk(xX(n,Jl+1))+0, as n+co. 
To prove (1) we first notice that for every function u E L, 
(1) 
J CUX (n,n+l)l*w~)+O, as n+co. (2) R 
Since xeL,(O, co)+L,(O, co) we can find O~UEL, and O,<VEL such 
REARRANGEMENT INVARIANT SPACES 253 
that x = u + u. We claim that at infinity L! necessarily converges in measure 
to zero, that is, for each E > 0 
where E, = {t E R: u(t) 2 E). If not, there exists an E > 0 such that 
i.(E,) = ZQ. Then for a fixed n E N we have 
1 3 I/-~11 2 qn(x) = c, sup 
0 
xd~(t):Ec[W,~(E)~a,+,-a,, 
E 
3 c, sup 
U 
xd~.(.(r):EcE,,i.(E)~~,,+,-a, 
E 
a contradiction. This establishes (3), which obviously implies that 
lim qk(wn,,+ I,) =O. n (4) 
But qk(xxcn.,z+ I )IG qk(ux,,,,+ II) + qk(w(,l.,I+ Il). In view of (2) and (4) this 
implies ( 1). 
Since I/x/I d 1 we have q,(x) d 1, that is, c, SE x &(I) d 1 for each E c rW 
with i(E) d a2 - a,, and hence (assuming that a, - a, 3 1) 
for each such E. 
Now for any k, n E N we have 
6 ck sup 
as k approaches co. 
Combining this estimate with (1) we arrive at the desired conclusion. 
Remark. It is easy to verify that the constructed space X has the follow- 
ing property. If E,, E2, . . . . E, are pairwise disjoint sets of equal measure, 
then /lCr= 1 ~~“11 > K,,, IIxE,II, and K,f co, as m + co. This easily implies 
that it is impossible to find a sequence (un} of equidistributed, pairwise 
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disjoint functions that would span a subspace of X isomorphic to cO. In 
other words, though both X and c0 are r.i. and though co ‘2 X, 
nevertheless, it is impossible to generate by equimeasurable functions a 
sublattice order isomorphic to co in X. On the other hand it is possible to 
find a sequence {un} c X of equimeasurable functions such that the vector 
sublattice 2, generated by {un}, will contain co and, moreover, co will be 
a band in 2. 
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